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Abstract
Tkachenko showed in 1990 the existence of a countably compact group topology on the free Abelian group of size c using CH.
Koszmider, Tomita and Watson showed in 2000 the existence of a countably compact group topology on the free Abelian group of
size 2c using a forcing model in which CH holds.
Wallace’s question from 1955, asks whether every both-sided cancellative countably compact semigroup is a topological group.
A counterexample to Wallace’s question has been called a Wallace semigroup. In 1996, Robbie and Svetlichny constructed a
Wallace semigroup under CH. In the same year, Tomita constructed a Wallace semigroup from MAcountable.
In this note, we show that the examples of Tkachenko, Robbie and Svetlichny, and Koszmider, Tomita and Watson can be
obtained using a family of selective ultrafilters. As a corollary, the constructions presented here are compatible with the total failure
of Martin’s Axiom.
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1. Introduction
The set of all free ultrafilters on ω will be denoted by ω∗.
A selective ultrafilter on ω is a free ultrafilter such that for each partition {An: n ∈ ω} of ω into non-empty sets,
either An ∈ p for some n ∈ ω or there exists an ∈ An for each n ∈ ω such that {an: n ∈ ω} ∈ p. Martin’s Axiom (MA)
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no bijection f :ω → ω such that βf (p) = q , where βf :βω → βω is the ˇCech–Stone extension of f .
The existence of selective ultrafilters does not imply MA. MA fails if CH does not hold and there exists a c.c.c.
partial order P and a family of P-dense subsets D of size ℵ1 such that no filter on P is D-generic over P. In [1],
Baumgartner showed how badly MA can fail. A partial order is atomless if every element has two incompatible
extensions.
Definition 1.1. Martin’s Axiom totally fails in the sense of Baumgartner if CH does not hold and for every atomless
c.c.c. partial order P, there exists a family of P-dense subsets D of size ℵ1 such that no filter on P is D-generic over P.
Baumgartner showed that it is consistent that Martin’s Axiom totally fails:
Theorem 1.2. [1] Assume CH and let κ = κω > ω1. Let PS(κ) be the side-by-side Sacks forcing of length κ . Let G be
a PS(κ)-generic filter. Then, in M[G], the cardinalities and cofinalities are preserved, Martin’s Axiom totally fails in
the sense of Baumgartner and c = κ . Furthermore, PS(κ) has size κ and is ω2-cc.
Theorem 1.3 (Laver). In the side-by-side Sacks forcing model, the selective ultrafilters in the ground model are filter-
base for selective ultrafilters in the extension.
Assuming CH there are selective ultrafilters in the ground model. By Theorems 1.2 and 1.3, it is consistent that
there are selective ultrafilters and Martin’s Axiom fails.
A.R. Bernstein defined the following concept that is important for the study of countable compactness:
Definition 1.4. [2] Let p ∈ ω∗ and {xn: n ∈ ω} be a sequence in a space X. We say that x ∈ X is the p-limit point
of {xn: n ∈ ω} if for every neighbourhood V of x, the set {n ∈ ω: xn ∈ V } is an element of p. In this case, we write
x = p- lim{xn: n ∈ ω}.
A space X is p-compact if every sequence in X has a p-limit in X.
Let f :ω → X be defined by f (n) = xn for each n ∈ ω. Denote by βf :βω → βX the ˇCech–Stone extension of f .
The point x is the p-limit point of {xn: n ∈ ω} if and only if x = βf (p).
A space X is countably compact if and only if every sequence in X has a p-limit point for some ultrafilter p ∈ ω∗.
Fixed a free ultrafilter p on ω, the product of any family of p-compact spaces is countably compact.
1.1. A question of Tkachenko
Fuchs showed that non-trivial free Abelian groups cannot be endowed with a compact group topology.
Tkachenko [18] showed in 1990 that the free Abelian group of size c can be endowed with a countably compact
group topology under CH. This motivated the following question:
Question 1.5. ([6, Question 508], M.G. Tkachenko) Can the free Abelian group on c-many generators be given a
countably compact topological group topology in ZFC?
Tomita [21] obtained such a topology from MA(σ -centered) and Koszmider et al. [15] weakened the necessity of
some form of Martin’s Axiom to MAcountable.
In [21], Tomita showed that the ωth power of a compatible group topology on a free Abelian group cannot be
countably compact, improving the result of Fuchs. In particular, topological free Abelian groups cannot be sequentially
compact nor p-compact, for any p ∈ ω∗. It is still unknown if a non-trivial free Abelian group can be endowed with a
group topology whose square is countably compact.
In 2003, Dikranjan and Tkachenko [10] classified the Abelian groups of size c that admit a countably compact group
topology assuming MA. The non-torsion part of the classification in [10] depends on a modification of Tkachenko’s
construction [18].
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A natural question towards a solution to Tkachenko’s Question is whether Martin’s Axiom can be dropped from the
construction.
We will show in this note that the existence of c selective ultrafilters imply the existence of a countably compact
topological group topology on the free Abelian group of size c (Example 2.6). This shows that Martin’s Axiom is not
necessary:
Theorem 1.6. It is consistent that there exists a countably compact group topology on the free Abelian group of size c
even if Martin’s Axiom totally fails in the sense of Baumgartner.
Proof. Assume GCH and let κ = ω2. There are κ = 22ω selective ultrafilters in the ground model. Using Theorem 1.2,
there exists a model in which Martin’s Axiom totally fails in the sense of Baumgartner and there exists a family of
κ = c incomparable selective ultrafilters. By Example 2.6, there exists a countably compact free Abelian group of size
c in this model. 
1.2. A question of Dikranjan and Shakhmatov
Dikranjan and Shakhmatov [8] showed that no free group admits a countably compact group topology. This moti-
vated the following question on free Abelian groups:
Question 1.7. [7] For which cardinals κ is there a countably compact group topology on the free Abelian group of
size κ?
Koszmider, Tomita and Watson [15] showed that there is a forcing model in which CH holds and 2c is such a
cardinal. In particular, it is consistent that for every infinite cardinal κ = κω  2c there is a compatible countably
compact group topology on the free Abelian group of size κ . Choosing a model in which, in addition, ℵω > 2c, then
for every cardinal κ between c and 2c there exists a countably compact group topology on the free Abelian group of
cardinality κ . If 2c > ℵω the following question of van Douwen had to be addressed:
Question 1.8. [12] If G is a countably compact group, does the equality |G|ω = |G| hold? Is at least the cofinality
of G countable?
Tomita [22] showed in 2003 that consistently, a countably compact group can have size of countable cofinality.
Castro-Pereira and Tomita [4] modified constructions in [22] and [15] to obtain a model in which for every κ ∈ [c,2c],
there exists a countably compact group topology on the free Abelian group of size κ with 2c “arbitrarily large”. In
particular, 2c can be larger than infinitely many cardinals of countable cofinality.
Dikranjan and Shakhmatov [9] also used a countably closed forcing in a CH model to obtain a classification of the
Abelian groups of size at most 2c that admit a countably compact group topology.
The extension of a countably closed forcing in a ground model satisfying CH satisfies also CH. Thus, all the known
countably compact topological group topologies on the free Abelian group of size 2c are constructed via forcing and
in a model satisfying CH.
We will show that the existence of 2c selective ultrafilters implies the existence of a countably compact topological
group topology on the free Abelian group of size 2c (Example 2.6). In particular, nor forcing nor CH are necessary to
construct such a topology.
Example 1.9. (MA) There exists a countably compact topological group topology on the free Abelian group of size 2c.
Proof. Martin’s Axiom imply the existence of 2c incomparable selective ultrafilters. 
Neither Martin’s Axiom is necessary to obtain such topologies.
Example 1.10. It is consistent that there exists a countably compact group topology on the free Abelian group of
size 2c even if Martin’s Axiom totally fails in the sense of Baumgartner.
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Easton forcing (see [16]) to force 2ω1 = λ.
This gives a model such that CH holds, there are 2ω1 selective ultrafilters, 2ω1 = 2κ = λ, κω = κ and κ < λ are
uncountable cardinals. Using this model as a ground model, force with PS(κ).
By Theorems 1.2 and 1.3, Martin’s Axiom totally fails in the extension, κ = c and there are λ selective ultrafilters.
Furthermore, PS(κ) has cardinality κ and PS(κ) is ω2-cc. There are at most κω1 = λ PS(κ)-nice names. Thus, 2c =
2κ = λ in the extension.
By Example 2.6, there exists a countably compact group topology on the free Abelian group of size 2c in the final
extension. 
1.3. Wallace’s question
It was known that compact both-sided cancellative semigroups are topological groups. In the 1950’s, Wallace
mentioned that despite written claims that compactness could be replaced by countable compactness, the following
question remained open (see [5]):
Question 1.11. [6, Question 523] Is every countably compact topological semigroup with two-sided cancellation a
topological group?
A counterexample to Wallace’s question has been called a Wallace semigroup. Robbie and Svetlichny [17] an-
swered Wallace’s question under CH in 1996, using Tkachenko’s countably compact free Abelian group. Indeed, it
is possible to show that an infinite countably compact free Abelian group without non-trivial convergent sequences
contains a Wallace semigroup (see the Math Review MR1328373(96d:22002) for [17]).
Tomita [20] showed in 1996 that there is a Wallace semigroup from MAcountable. The example is not a subsemigroup
of a free Abelian group.
In [20], Tomita showed the following theorem:
Example 1.12. Assume MAcountable. Let T denote the group (R/Z,+). Let G be the group consisting of all y ∈ Tc
such that there exists μ ∈ c such that y(α) is the identity of T for each α > μ.
There exists x ∈ Tc such that the semigroup {nx + y: n ∈ ω ∧ y ∈ G} is a Wallace semigroup.
In [20], Tomita showed that the existence of x as in Example 1.12 is independent of ZFC. In fact, more can be said:
Theorem 1.13. The existence of x as in Example 1.12 is independent of the existence of 2c incomparable selective
ultrafilters.
Proof. Under MA there exists x as in Example 1.12 and there are 2c selective ultrafilters.
Kunen’s Axiom (KA) is the statement: “There exists a ultrafilter generated by a filter-base of cardinality ω1.”
KA has been used in [11,14] to show why the corresponding constructions seemed to need some form of Martin’s
Axiom. In [20], Tomita showed that under KA + c > ω1 there exists no x as in Example 1.12.
In the model in Example 1.10, there are 2c incomparable selective ultrafilters and each of them is generated by ℵ1
many sets. Thus, it is a model of KA + c > ω1. Therefore, it is consistent that there exists no x as in Example 1.12
and there are 2c selective ultrafilters. 
Theorem 1.13 could lead one to think that the existence of selective ultrafilters is not enough to construct a Wallace
semigroup. However, Example 2.7 shows that Wallace semigroups can be constructed from c selective ultrafilters.
Theorem 1.14. It is consistent that there exists a Wallace semigroup even if Martin’s Axiom totally fails in the sense
of Baumgartner.
Proof. Start in the same model as in Theorem 1.6. In this model, there exists a Wallace semigroup by Example 2.7
and Martin’s Axioms totally fails. 
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The integers with the usual sum will be denoted by Z.
Given a set of ordinals I and h ∈ ZI , the support of h, denoted by supph, is the set {α ∈ I : h(α) = 0}. The direct
sum
⊕
α∈I Z = Z(I ) will be the set of all functions h ∈ ZI that have finite support. Given ξ ∈ κ , denote by χξ the
function such that χξ (ξ) = 1 and χξ (μ) = 0 for each μ ∈ κ \ {ξ}.
Let F and I be sets of ordinals and κ be a cardinal. Given a family {zξ : ξ ∈ F } ⊆ Zκ and h ∈ Z(I ) with supph ⊆ F ,
we put zh =∑ξ∈supph h(ξ)zξ . A family {zξ : ξ ∈ F } is independent if zh is non-zero whenever h ∈ Z(F ) and h = 0.
Given a subset A of a group G, the group generated by A will be denoted by 〈A〉.
If a ∈ Z, |a| = max{a,−a}. We will use two norms on Z(κ). Given J ∈ Z(κ), denote by |J | = max{|J (μ)|: μ ∈
suppJ } and ]‖J‖ =∑{|J (μ)|: μ ∈ suppJ }.
Definition 2.1. Denote by F the set of all functions f :ω → Z(κ) that satisfy either
(I) |f (n)| > n for each n ∈ ω; or
(II) suppf (n) \ (⋃m<n suppf (m)) is non-empty for each n ∈ ω.
We will say that an f ∈F is of type I (respectively type II) if condition I (respectively II) is satisfied.
Lemma 2.2. Let g :ω → Z(κ). Then there exists j :ω → ω strictly increasing such that g ◦ j is either constant or
type I or type II.
Proof. There are three cases to be considered.
(a) {|g(n)|: n ∈ ω} is unbounded. By induction, choose {nk: k ∈ ω} increasing such that |g(nk)| > k.
(b) {|g(n)|: n ∈ ω} is bounded and ⋃n∈ω suppg(n) is finite.
Let F =⋃n∈ω suppg(n) and M ∈ ω such that |g(n)|M thus, g(n) ∈ ([−M,M] ∩Z)F ×{0}(κ\F). There exists
J ∈ ([−M,M] ∩ Z)F × {0}(κ\F) and {nk: k ∈ ω} an increasing subsequence of ω such that g(nk) = J for each
k ∈ ω.
(c) {|g(n)|: n ∈ ω} is bounded and ⋃n∈ω suppg(n) is infinite.
The set suppg(n) is finite for each n ∈ ω and ⋃n∈ω suppg(n) is infinite. We can define by induction {nk: k ∈ ω}
such that suppg(nk) \ (⋃l<k suppg(nl)) = ∅.
In any of the cases above, define j :ω → ω such that j (k) = nk for each k ∈ ω. The function g ◦ j is of type I in
case (a), constant in case (b) and of type II in case (c). 
The topology on the free Abelian group of size κ will be obtained by embedding Z(κ) into Tκ . We will use the
following two lemmas:
Lemma 2.3. Suppose that for each J ∈ Z(κ) \ {0} there exists a homomorphism φJ :Z(κ) → T such that φJ (J ) = 0.
Then the diagonal function Φ :Z(κ) → TZ(κ)\{0} is an algebraic immersion, where Φ(H) = {φJ (H): J ∈ Z(κ) \ {0}}
for each H ∈ Z(κ).
Proof. Exercise. 
Lemma 2.4. Let X = {xξ : ξ < κ} ⊆ Tκ and G be the group generated by X. Suppose that there exists a faithfully
indexed subset {yf : f ∈F} of G such that {xf (n): n ∈ ω} has yf as an accumulation point for each f ∈F .
Then G is countably compact and does not have non-trivial convergent sequences.
Proof. Let {an: n ∈ ω} be a sequence in G. If {an: n ∈ ω} is eventually constant then {an: n ∈ ω} is a trivial convergent
sequence.
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elements are pairwise distinct. For each i < 2, let gi :ω → Z(κ) such that xgi(k) = an2k+i for each i < 2 and k ∈ ω. By
Lemma 2.2, there exists a ji :ω → ω such that g ◦ ji is either constant or g ◦ ji ∈ F . In the first case, the sequence
{xn: n ∈ ω} has a constant subsequence, a contradiction. Thus, g ◦ ji belongs to F . By hypothesis, the sequence
{xg◦ji (k): k ∈ ω} has yg◦ji as an accumulation point for each i < 2. Since g ◦ j0 = g ◦ j1, it follows by hypothesis that
yg◦j0 = yg◦j1 . Thus, the sequence {an: n ∈ ω} has at least two distinct accumulation points in G.
Therefore, G is countably compact and does not have non-trivial convergent sequences. 
Lemma 2.5. Suppose that {pξ : ξ < κ} is a family of incomparable selective ultrafilters. Let {fξ : 0 < ξ < κ} be
an enumeration of F such that suppn∈ω fξ (n) ⊆ ξ for each 0 < ξ < κ . Then for each J ∈ Z(κ) \ {0}, there exists a
homomorphism φJ :Z(κ) → T such that
(i) φJ (J ) = 0; and
(ii) pξ - lim{φJ (fξ (n)): n ∈ ω} = φJ (χξ ) for each 0 < ξ < κ .
The proof of this lemma will be done in the next section. We will apply Lemma 2.5 to construct our main example:
Example 2.6. Suppose that there are κ many incomparable selective ultrafilters on ω and κ = κω  c. Then there
exists a countably compact group topology without non-trivial convergent sequences on the free Abelian group of
size κ .
Proof. Let {pξ : ξ < κ} be a family of pairwise incomparable selective ultrafilters. Let {fξ : 0 < ξ < κ} be an enumer-
ation of F such that suppn∈ω fξ (n) ⊆ ξ for each ξ < κ . By Lemma 2.5, there exists a homomorphism φJ :Z(κ) → T
for each J ∈ Z(κ) \ {0} such that
(i) φJ (J ) = 0 for each J ∈ Z(κ) \ {0}; and
(ii) pξ - lim{φJ (fξ (n)): n ∈ ω} = φJ (χξ ) for each 0 < ξ < κ .
Let Φ be the diagonal map of the family {φJ : J ∈ Z(κ) \ {0}}. By (i) and Lemma 2.3, the group Φ[Z(κ)] is
algebraically isomorphic to Z(κ). The set {xξ : ξ ∈ κ} is a basis of the free Abelian group Φ[Z(κ)], where xξ = Φ(χξ )
for each ξ ∈ κ .
By (ii), it follows that xξ is the pξ -limit of {xfξ (n): n ∈ ω} for each ξ ∈ κ . The elements of {xξ : ξ < κ} are
pairwise distinct and {fξ : 0 < ξ < κ} enumerates F . By Lemma 2.4, Φ[Z(κ)] is countably compact and does not have
non-trivial convergent sequences. 
Example 2.7. Suppose that there exist c incomparable selective ultrafilters. Then there exists a Wallace semigroup.
Proof. In Example 2.6, assume that κ = c and let {xξ : ξ < c} be as in Example 2.6. Let S be the semigroup {xH : H ∈
N
(c)}. Clearly S is a both-sided cancellative semigroup that is not a group. We need only to check that S is countably
compact. Let {an: n ∈ ω} be a sequence in S. Without loss of generality, we can assume that {an: n ∈ ω} is not
eventually constant. Then, there exists ξ < c such that {xfξ (k): k ∈ ω} is a subsequence of {an: n ∈ ω}. Thus, xξ ∈ S
is an accumulation point of {an: n ∈ ω}. Therefore, S is a Wallace semigroup. 
3. Homomorphisms from selective ultrafilters
The next lemma gives a combinatorial property for incomparable selective ultrafilters that is used in the construc-
tion of countably compact groups without non-trivial convergent sequences. Versions of Lemma 3.1 below for one
selective ultrafilter appeared in [13] and for two selective ultrafilters appeared in [24].
Lemma 3.1. [23, Lemma 3.5] Let {pj : j ∈ ω} be incomparable selective ultrafilters. Let {ajk : k ∈ ω} ∈ pj be an
increasing sequence such that k < ajk for each k, j ∈ ω.
Then, there exists a family {Ij : j ∈ ω} of subsets of ω such that
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(ii) {[k, ajk ]: j ∈ ω ∧ k ∈ Ij } are pairwise disjoint intervals of ω.
A version of Lemma 3.2 below was used in [23] to construct for each cardinal κ  2c, a topological group G
such that Gλ is countably compact for λ < κ and Gκ not countably compact. The construction in [23] answered
Question 477 in [6].
Lemma 3.2. Let J ∈ Z(κ) \ {0}, E a countable set such that suppfξ (n) ⊆ E and {pξ : ξ ∈ E} be a family of incom-
parable selective ultrafilters. Then there exists a family of finite subsets {En: n ∈ ω} of E, an increasing sequence
{bk: k ∈ ω} ⊆ ω, a sequence of positive reals {rk: k ∈ ω} and a function i :ω → E such that:
(i) E0 ⊇ suppJ ;
(ii) ⋃k∈ω Ek = E;
(iii) Ek+1 ⊇⋃{suppfi(m)(bm): m k} ∪ Ek ;
(iv) i(k) ∈ Ek for each k ∈ ω;
(v) {bk: k ∈ i−1({ξ})} ∈ pξ for each ξ ∈ E;
(vi) |fi(k)(bk)|rk > 2 for each k ∈ ω with fi(k) of type I;
(vii) suppfi(k) \ Ek = ∅ for each k ∈ ω with fi(k) of type II;
(viii) r0 = 14‖J‖ ; and
(ix) rk+1 = rk2‖fi(k)(bk)‖ for each k ∈ ω.
Proof. Define by induction, a sequence of finite subsets of E such that
(1) F0 ⊇ suppJ ;
(2) ⋃n∈ω Fn = E; and
(3) Fn+1 ⊇⋃{suppfξ (m): m n ∧ ξ ∈ Fn} ∪ Fn.
For each n ∈ ω and each ξ ∈ E such that fξ is of type I, define
Aξn =
{




where ‖|Fn‖| = ‖J‖ +∑{‖gξ (m)‖: ξ ∈ Fn ∧ m n}.
For each n ∈ ω and each ξ ∈ E such that fξ is of type II, define
Aξn =
{
k ∈ ω: suppfξ (k) \ Fn = ∅
}
.
The set Aξn is a cofinite subset of ω for each ξ ∈ E and n ∈ ω.
For each ξ ∈ E, the family {Aξn: n ∈ ω} is a subset of pξ . By the selectivity of pξ , there exists a sequence
{aξn : n ∈ ω} such that n < aξn and aξn ∈ Aξn for each n ∈ ω.
Using Lemma 3.1, there exists {Iξ : ξ ∈ E} such that
(a) {aξk : k ∈ Iξ } ∈ pξ for each ξ ∈ E and
(b) {[k, aξk ]: ξ ∈ E ∧ k ∈ Iξ } are pairwise disjoint intervals of ω.
For each ξ ∈ E, define
(c) Nξ ∈ ω as the least natural number n such that ξ ∈ Fn.
Without loss of generality, we can assume that
(d) Nξ < k for each k ∈ Iξ .
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enumeration of
⋃
ξ∈E Iξ and i :ω → E be such that i(k) is the unique ξ ∈ E satisfying nk ∈ Iξ .
Define bk = ai(k)nk and Ek = Fnk for each k ∈ ω. Define rk by induction as in conditions (viii) and (ix) for each
k ∈ ω.
We will show that conditions (i)–(vii) are satisfied.
(i) By (1) and (3), E0 = Fn0 ⊇ suppJ .
(ii) By (2) and (3), ⋃k∈ω Ek =
⋃
k∈ω Fnk = E.
(iv) Let k ∈ ω. By definition, bk = ai(k)nk and nk ∈ Ii(k). By (d), nk > Ni(k). By (c) and (3), i(k) ∈ FNi(k) ⊆ Fnk = Ek .
(iii) Clearly Ek ⊆ Ek+1. It suffices to show that suppfi(m)(bm) ⊆ Ek+1 for each m k.
By condition (3), Ek+1 = Fnk+1 ⊇
⋃{suppfξ (m): m nk+1 − 1 ∧ ξ ∈ Fnk+1−1}.
By (iv), i(m) ∈ Em ⊆ Ek ⊆ Fnk+1−1 and by (b) bm = ai(m)nm  nk+1 − 1 for each m  k. Thus, suppfi(m)(bm) ⊆
Ek+1 for each m k.
(v) It follows from property (a).
(vi) Assume that fi(k) is of type I. Then bm ∈ Ai(m)nm and bm < nk , i(m) ∈ Em ⊆ Fnk for each m < k and k  nk .




‖|Fnk ‖|‖fi(0)(b0)‖ · · ·
‖|Fnk ‖|‖fi(k−1)(bk−1)‖ > 2.
(vii) Assume that fi(k) is of type II. Since bk ∈ Ai(k)nk , it follows that suppfi(k)(bk) \ Ek = ∅. 
Let B be the set of all open arcs in T (including T itself). Given a function ψ :E → B and H ∈ Z(E), define
ψ(H) =∑μ∈suppH H(μ)ψ(μ).
The circle group T will be identified with the metric group (R/Z, δ), where δ is the metric defined below. Let
π :R → T be the projection map. Given x, y ∈ R, denote by δ(π(x),π(y)) = min{|x − y + a|: a ∈ Z}.
Given a subset A of T, we will denote by δ(A) the diameter of A given by the metric δ.
Lemma 3.3. Let A be a finite subset of E, r be a positive real number smaller than 12 , ψ :E → B be a function such
that {ξ ∈ E: ψ(ξ) = T} = A and δ(ψ(ξ)) = r for each ξ ∈ A. Let μ ∈ A and H ∈ Z(E) be such that μ /∈ suppH and
either
(1) |H |r > 2 with suppH ⊃ A; or
(2) suppH \ A = ∅.
Then there exists ψ∗ :E → B such that
(a) ψ∗(ξ) ⊆ ψ(ξ) for each ξ ∈ E;
(b) δ(ψ∗(ξ)) = r2‖H‖ for each ξ ∈ A ∪ suppH and ψ∗(ξ) = T otherwise;(c) ψ∗(μ) ∩ ψ∗(H) = ∅.
Proof. If H is as in case (1), let α ∈ suppH be such that |H(α)|r > 2. If H is as in case (2), let α ∈ suppH \ A.
In either case, for each ξ ∈ suppH \ {α}, fix yξ ∈ ψ(ξ). For each ξ ∈ A \ suppH , we can choose ψ∗(ξ) ∈ B such
that conditions (a) and (b) are satisfied. For each ξ ∈ E \ (suppH ∪ A), define ψ∗(ξ) = T.
In case (1), |H(α)| r2 > 1. It follows that H(α)ψ(α) = T. In case (2), H(α)ψ(α) = H(α)T = T.
In either case, choose yα ∈ ψ(α) such that
(#) ∑ξ∈suppH\{α} H(ξ)yξ + H(α)yα ∈ ψ∗(μ).
Note that in (#), μ ∈ A \ suppH , thus ψ∗(μ) is already defined.
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By (#), ∑ξ∈suppH H(ξ)yξ will be in the intersection of the sets in condition (c). 
Lemma 3.4. Let J , {En: n ∈ ω}, {bk: k ∈ ω}, i :ω → E, {pξ : ξ ∈ E} and {rn: n ∈ ω} be as in Lemma 3.2. There
exists φ :Z(E) → T such that
(1) φ(J ) = 0; and
(2) pξ - lim{φ(fξ (n)): n ∈ ω} = φ(χξ ).
Proof. We will define by induction ψn :E → B that will be used in the construction of the homomorphism φ.
For n = 0, choose yξ ∈ R for each ξ ∈ E0 such that ∑ξ∈suppJ J (ξ)yξ = 12 . Let ψ0(χξ ) = π[(yξ − r02 , yξ + r02 )].
Then δ(ψ0(J )) ‖J‖r0 = ‖J‖4‖J‖ = 14 . Therefore, 0 /∈ ψ0(J ).
Suppose that φk has been defined for each k m and satisfy
(i) ψk+1(ξ) ⊆ ψk(ξ) for each ξ ∈ E and k < m;
(ii) for each k m, δ(ψk(ξ)) = rk for each ξ ∈ Ek and ψk(ξ) = T for each ξ ∈ E \ Ek ;
(iii) ψk+1(i(k)) ∩ ψk+1(fi(k)(bk)) = ∅ for each k < m.
Applying Lemma 3.3 with A = Em, ψ = ψm, H = fi(m)(bm), μ = i(m) and r = rm there exists ψ∗ satisfying:
(a) ψ∗(ξ) ⊆ ψm(ξ) for each ξ ∈ E;
(b) δ(ψ∗(ξ)) = rm2‖fi(m)(bm)‖ for each ξ ∈ Em ∪ suppfi(m)(bm) and ψ∗(ξ) = T otherwise;
(c) ψ∗(i(m)) ∩ ψ∗(fi(m)(bm)) = ∅.
Define ψm+1(ξ) = ψ∗(ξ) if ξ ∈ Em ∪ suppfi(m)(bm) ∪ E \ Em+1 and choose ψm+1(ξ) ∈ B with δ(ψm+1(ξ)) =
rm+1 if ξ ∈ Em+1 \ (Em ∪ suppfi(m)(bm)).
Clearly ψm+1 satisfies the inductive hypotheses (i)–(iii).
Let ξ ∈ E. By (i) and (ii), ⋂n∈ω ψn(ξ) =
⋂
n∈ω ψn(ξ) is a decreasing intersection of closed sets whose diameter
goes to zero. Thus, the intersection is a singleton. Let φ(χξ ) be such that {φ(χξ )} =⋂n∈ω ψn(ξ). Extend φ to a
homomorphism from Z(E) into T.
Condition (1) is satisfied. Indeed, φ(J ) ∈ ψ0(J ) and 0 /∈ ψ0(J ) implies that φ(J ) = 0.
For each ξ ∈ E and for each k ∈ i−1({ξ}), conditions (ii) and (iii) imply that φ(fξ (bk)) ∈ ψk+1(fξ (bk)), φ(χξ ) ∈
ψk+1(ξ) and ψk+1(fξ (bk)) ∩ ψk+1(ξ) = ∅. Therefore, δ(φ(fξ (bk)),φ(χξ ))  δ(ψk+1(fξ (bk))) + δ(ψk+1(ξ)) 
(‖fξ (bk)‖ + 1)rk+1 = (‖fξ (bk)‖ + 1) rk2‖fξ (bk)‖  rk .
The sequence {φ(fξ (bk)): k ∈ i−1({ξ})} converges to φ(χξ ). Since {bk: k ∈ i−1({ξ})} ∈ pξ , it follows that condi-
tion (2) holds. 
Lemma 3.5. Let {fξ : 0 < ξ < κ} be an enumeration of F such that suppn∈ω fξ (n) ⊆ ξ for each 0 < ξ < κ . Suppose
that J ∈ Z(κ) \ {0}.
Then there exists E ∈ [κ]ω such that suppfξ (n) ⊆ E for each ξ ∈ E \ {0} and n ∈ ω.
Proof. Define E(0) = {0}. Define by induction E(ξ) = {{ξ}} ∪ ⋃μ∈⋃n∈ω suppfξ (n) E(μ). It follows from
suppn∈ω fξ (n) ⊆ ξ for each 0 < ξ < κ that E(ξ) is countable for each ξ . Let E =
⋃
ξ∈suppJ E(ξ). 
Proof of Lemma 2.5. Let {pξ : ξ < κ} be a family of incomparable selective ultrafilters. Let {fξ : 0 < ξ < κ} be an
enumeration of F such that suppn∈ω fξ (n) ⊆ ξ for each ξ < κ . Fix J ∈ Z(κ) \ {0}.
By Lemma 3.5, there exists a countable subset E of κ such that suppfξ (n) ⊆ E for each ξ ∈ E \ {0} and n ∈ ω.
By Lemmas 3.2 and 3.4, there exists a homomorphism φ :Z(E) → T such that
(1) φ(J ) = 0; and
(2) pξ -lim {φ(fξ (n)): n ∈ ω} = φ(χξ ).
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subgroup of Z(κ) for each ξ < κ .
For each H ∈ Z(E), define φJ (H) = φ(H). By (1),
(i) φJ (J ) = 0 will be satisfied no matter how we extend φJ .
By (2),
(ii) pξ -lim{φJ (fξ (n)): n ∈ ω} = φJ (χξ ) is satisfied for each ξ ∈ E \ {0}.
By induction, let ξ ∈ κ \E be the least ordinal for which φJ (χξ ) has not been defined. Then φJ is defined on Z(E∪ξ).
If ξ = 0 extend φJ to Z(E∪{0}) arbitrarily. If ξ > 0, extend φJ to Z(E∪ξ+1) so that φJ (χξ ) = pξ -lim{φJ (fξ (n)): n ∈ ω}.
Clearly φJ satisfies conditions (i) and (ii) for each 0 < ξ < κ . 
4. Final remarks
A natural question is whether selective ultrafilters are necessary to construct countably compact free Abelian
groups:
Question 4.1. Is it consistent that there exists a countably compact group topology on the free Abelian group of size c
and there are no selective ultrafilters?
In [10], Dikranjan and Tkachenko obtained the classification of all Abelian groups of size c that admit a countably
compact group topology from MA. For the non-torsion case, the first step was the improvement of the construction
of countably compact group topologies on the free Abelian groups of size c in [18]. Tkachenko and Yashenko [19]
showed assuming MA that every almost non-torsion Abelian group admit a countably compact group topology without
non-trivial convergent sequences. In particular, assuming MA, the real line and the circle group admit a countably
compact group topology without non-trivial convergent sequences.
A natural question is whether the construction presented here can be modified to produce countably compact group
topologies on other non-torsion Abelian groups.
Question 4.2. Does the existence of selective ultrafilters imply the existence of a countably compact group topology
without non-trivial convergent sequences in R or T?
All the known countably compact group topologies on free Abelian groups have no non-trivial convergent se-
quences. It is still an open problem whether there is a countably compact group topology on a free Abelian with a
convergent sequence. This apparent relation between countable compactness and a group topology without non-trivial
convergent sequences in a free Abelian group links Tkachenko’s Question to an open problem of van Douwen:
Question 4.3. [11] Is there an infinite countably compact topological group without non-trivial convergent sequences
in ZFC?
Recently, Garcia-Ferreira et al. [13] showed that the existence of a selective ultrafilter p implies the existence of
a p-compact (thus, countably compact) Boolean group without non-trivial convergent sequences.
This lead us to some natural questions:
Question 4.4. Does the existence of an infinite countably compact group without non-trivial convergent sequences
imply the existence of a countably compact group topology on the free Abelian group of size c?
Question 4.5. Does the existence of a selective ultrafilter imply the existence of a countably compact group topology
on the free Abelian group of size c?
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of a countably compact group topology on a free Abelian group of size greater than 2c necessarily requires that some
ultrafilter will be the witness of countable compactness for a large number of sequences. A solution to the question
below probably is the key to answer Dikranjan and Shakhmatov’s question for every cardinal κ satisfying κ = κω.
Question 4.6. Is it consistent that there exists a countably compact group topology on the free Abelian group of
size 22c?
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